
Exercise sheet
Algebra: Notable identities

Exercises from the core and recommended tracks (numbering from the full sheet)

Difficulty: ★✩✩✩ very easy ★★✩✩ easy ★★★✩ medium ★★★★ difficult

Track: core recommended going further

Progressive reference notes: to be completed as the chapter progresses.
Nature of an expression (part 1 of the course notes). The main operation acts on the whole expression. Expanding turns a product into a sum;
factorising turns a sum into a product. A square reads 𝐸2 = 𝐸 × 𝐸.
Prior knowledge from Year 9. 𝑘(𝑎 + 𝑏) = 𝑘𝑎 + 𝑘𝑏 and 𝑘𝑎 + 𝑘𝑏 = 𝑘(𝑎 + 𝑏).

Expanding double brackets (part 2): (𝑎 + 𝑏)(𝑐 + 𝑑) = . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Notable identities (part 3):

(𝑎 + 𝑏)2 = (𝑎 − 𝑏)2 = (𝑎 + 𝑏)(𝑎 − 𝑏) =

Writing integers (parts 1 and 5). Even: . . . . . . . . . . . . . . . . . . . . . . Odd: . . . . . . . . . . . . . . . . . . . . . . Three consecutive integers: . . . . . . . . . . . . . . . . . . . . . .

Pitfall log, to be completed as the chapter progresses:

• A sign or a multiplication inside does not determine the nature: look for . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

• The opposite of a sum or a difference changes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

• The conjecture from the table (activity in the course notes) and what proved it: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

• When a coefficient is squared, what must be squared: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

• To factorise, the first structure to look for: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

• Logic: examples do not prove a general claim; a single counterexample is enough to refute it.

Cumulative method, snapshot the structure:

1. Read. Which operation acts on the whole expression? What structure do we want to obtain?
2. Expand. Write all products with their signs before simplifying.
3. Recognise. Name the structure before applying a notable identity.
4. Factorise. Look first for a common factor, and only then for another structure.
5. Always check. Reverse the transformation or substitute a simple value.
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1. Nature of an expression and expanding
Quick warm-up (previous chapters) ★✩✩✩

a) Write 84
126 as a fraction in lowest terms (prime factorisation).

b) Write in the form 2𝑛: 23 × 25; 29

24 .

c) Give 0,0072 in standard form (scientific notation).

d) Calculate 3
4 − 1

6 as a fraction in lowest terms.

e) Two similar triangles have sides in the ratio 2: what can be said about the ratio of their areas?

1.1. Sum or product? Sorting them out ★✩✩✩

For each expression, state whether it is a sum or a product (circle the main operation, the one acting on the whole expression), then name its
terms or its factors.

a) 3𝑥 + 2

b) 5(𝑥 + 4)

c) (𝑥 + 1)(𝑥 − 3)

d) 𝑥2 − 9

e) 7 − 5𝑥

f) (2𝑥 − 3)2

g) 3(𝑥 + 1) + 2

h) 𝑥(𝑥 + 1) + 3(𝑥 + 2)

i) 2𝑥2

j) (𝑥 + 5)(𝑥 − 5)

1.2. Distributive property and opposite ★✩✩✩

a) Expand and simplify: 3(2𝑥 + 5); −4𝑥(6 − 3𝑥); 7(3 − 𝑥) + 2𝑥.

b) Give the opposite of each expression: 5 − 4𝑥; 3𝑥 − 7; −2𝑥 + 9; 𝑥2 − 6𝑥 + 1.

c) Simplify: 5𝑥 + 3 − 2𝑥 + 8; 4𝑥2 − 𝑥 + 3𝑥2 + 7𝑥 − 9.

1.3. Expanding double brackets: drills ★★✩✩

Expand and simplify.

a) (𝑥 + 3)(𝑥 + 5)

b) (𝑥 − 3)(2𝑥 + 5)

c) (3𝑥 + 1)(2𝑥 − 7)

d) (2𝑥 − 3)(5𝑥 + 7)

e) −4𝑥(6 − 3𝑥) − 8𝑥2

f) 3(2𝑥 + 1) − (6 − 𝑥)

g) (−3𝑥 + 5)(2𝑥 − 3)

h) (𝑥 + 6)(𝑥 − 2) − 𝑥2

1.4. Mixed expressions to simplify ★★★✩

Expand and simplify each expression.

a) 𝐴 = 5(4𝑥 − 7) + (𝑥 + 9)(5𝑥 − 6)

b) 𝐵 = (𝑥 − 5)(𝑥 + 7) + (2𝑥 − 4)(3𝑥 − 1)

c) 𝐶 = 3𝑥(𝑥 − 3) − (𝑥 + 7)(4𝑥 − 2)

d) 𝐷 = (𝑦 − 9)(3𝑦 + 2) − (2𝑦 − 7)(4𝑦 − 5)
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1.5. Proving the double distributive property ★★★✩

We want to prove that, for all real numbers 𝑎, 𝑏, 𝑐, 𝑑: (𝑎+ 𝑏)(𝑐+𝑑) = 𝑎𝑐+𝑎𝑑+ 𝑏𝑐+ 𝑏𝑑, using only the distributive property 𝑘(𝑐+𝑑) = 𝑘𝑐+𝑘𝑑.

a) Let 𝑘 = 𝑎 + 𝑏. Write (𝑎 + 𝑏)(𝑐 + 𝑑) using 𝑘, and expand using the distributive property.

b) In the result, replace 𝑘 with 𝑎 + 𝑏, and expand each of the two resulting products (distributive property, distributing from the right this
time: (𝑎 + 𝑏)𝑐 = 𝑎𝑐 + 𝑏𝑐).

c) Put the four terms back together, then rearrange them in the order 𝑎𝑐 + 𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑, naming the property used. How many times was
the distributive property applied in total?

d) Going all the way: adapt the proof to obtain the formula for (𝑎 + 𝑏)(𝑐 − 𝑑).

2. Notable identities: expanding
2.1. Drills ★★✩✩

Expand and simplify using the appropriate identity, writing out the “formula” step before the result.

a) (𝑥 + 3)2

b) (𝑥 + 10)2

c) (𝑥 − 4)2

d) (𝑦 − 6)2

e) (𝑎 − 7)(𝑎 + 7)

f) (𝑥 + 8)(𝑥 − 8)

g) (𝑡 − 5)(𝑡 + 5)

h) (𝑛 + 1)2

i) (4 − 𝑎)2

2.2. With coefficients ★★✩✩

Expand and simplify.

a) (2𝑥 + 1)2

b) (3𝑥 + 7)2

c) (3 − 2𝑥)2

d) (4𝑥 − 3)2

e) (3𝑥 − 2)(3𝑥 + 2)

f) (5𝑥 + 7)(5𝑥 − 7)

g) (𝑦 − 2,5)2

h) (1 − 𝑎)(1 + 𝑎)

2.3. In reverse: recognising an expanded form ★★★✩

a) Each of the following expressions is the expansion of a notable identity. Find the original expression:

𝑥2 + 10𝑥 + 25 ; 𝑥2 − 6𝑥 + 9 ; 4𝑥2 − 12𝑥 + 9 ; 4𝑦2 + 40𝑦 + 100 ; 49𝑡2 − 14𝑡 + 1.

b) Missing number. Find the missing number so that the expression is the square of a sum or of a difference:

𝑥2 + . . . 𝑥 + 9 ; 4𝑥2 − 4𝑥 + . . . ; . . . 𝑥2 + 100𝑥 + 100.

c) For the first expression in b), how many possible answers are there?

2.4. True or false? ★★✩✩

For each statement: state whether it is true or false, then justify. If it is true: a calculation for an equality between given numbers, an identity
or an algebraic calculation for a “for all” statement, an example for a “there exists” statement. If it is false: a numerical counterexample.

a) For any number 𝑎: (2𝑎 + 3)2 = 4𝑎2 + 9.

b) The square of the difference of two numbers is equal to the difference of the squares of these two numbers.

c) 262 − 252 = 26 + 25.

d) For any number 𝑎: (𝑎 + 5)2 − (𝑎 − 5)2 = 20𝑎.

e) For any number 𝑥, 𝑥2 − 12𝑥 + 9 is the square of a number.

f) For all numbers 𝑎 and 𝑏: (𝑎 + 𝑏)2 = 𝑎2 + 𝑏2.

g) There exist numbers 𝑎 and 𝑏 for which (𝑎 + 𝑏)2 = 𝑎2 + 𝑏2.
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3. Factorising
3.1. Common factor ★★✩✩

Underline a common factor, then factorise by taking out all remaining visible common factors.

a) 5𝑎 + 15𝑏

b) 12𝑥2 − 15𝑥

c) 7𝑥 − 35

d) 𝑥2 − 5𝑥

e) 8 + 2𝑥

f) 30𝑎 + 36𝑎2

3.2. Compound common factor ★★★✩

The common factor is a whole bracket. Factorise, then simplify the second bracket.

a) 𝐴 = (𝑥 − 2)(𝑥 + 3) + (𝑥 − 2)(𝑥 + 6)

b) 𝐵 = (𝑥 + 5)(4𝑥 − 2) − (𝑥 + 5)(9𝑥 + 1)

c) 𝐶 = (3𝑥 + 8)2 − (6𝑥 − 7)(3𝑥 + 8)

d) 𝐷 = (4𝑥 + 5)2 − 5(4𝑥 + 5)

3.3. Factorising using an identity: the pitfalls ★★★✩

Recognise the structure (take a snapshot: how many terms? squares? the double product?), then factorise if possible using the tools from
this chapter. In two cases, none of the three identities allows us to conclude here: which ones? For each, explain precisely what prevents it
and state whether this obstacle is temporary or not within the scope of this chapter.

a) 𝑥2 − 64

b) 49𝑥2 − 16

c) 𝑥2 + 2𝑥 + 1

d) 9𝑦2 − 24𝑦 + 16

e) 25 − 100𝑡2

f) 64 − 80𝑥 + 25𝑥2

g) 36𝑧2 − 1

h) 𝑥2 − 13

i) 16𝑥2 − 144

j) 𝑥2 + 81

k) 4𝑥2 − 49

l) 𝑥2 − 20𝑥 + 100

3.4. Nested differences of squares ★★★✩

Here, 𝑎 or 𝑏 is a bracketed block. Factorise, then simplify each bracket (and factor out a number if possible).

a) 𝐴 = (𝑥 + 1)2 − 36

b) 𝐵 = 25 − (2𝑥 + 3)2

c) 𝐶 = 4𝑥2 − (𝑥 − 5)2

d) 𝐷 = (8𝑥 − 4)2 − 9𝑥2

3.5. The two-way table ★★✩✩

Copy and complete the table (each row uses a notable identity, in one direction or the other).

Factorised form Expanded form

(𝑥 + 30)2

𝑥2 − 12𝑥 + 36

25𝑦2 + 50𝑦 + 25

(𝑡 − 8)(𝑡 + 8)

𝑥2 − 81

(7𝑡 − 5)2
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3.6. Louise’s paper (spot the mistake) ★★✩✩

To factorise 𝐸 = 4𝑥2 − 4𝑥 + 1, Louise handed in the following work:

“I can see the common factor 4𝑥, so 𝐸 = 4𝑥(𝑥 − 1). It is factorised, I’m done!”

a) Expand 4𝑥(𝑥 − 1). Do we obtain 𝐸? Which term of 𝐸 disappeared in Louise’s work?

b) Check in another way, without expanding: calculate 𝐸 and then 4𝑥(𝑥 − 1) for 𝑥 = 1. Conclude.

c) Give the correct factorisation of 𝐸, and check it by expanding.

d) Explain the difference between the two previous checks: what does the test at 𝑥 = 1 allow us to conclude? What does re-expanding
(2𝑥 − 1)2 establish?

4. Clever mental maths (the reward)

The principle. Rewrite without changing the value, then choose the route that genuinely reduces the remaining operations: notable identity or
distributive property. A “round” number is a clue, not a rule. Examples: 612 = (60 + 1)2; 52 × 48 = (50 + 2)(50 − 2); 622 − 582 = (62 + 58)(62 − 58).
No written column multiplication is allowed in this section: that is the game.

4.1. Squares close to round numbers ★★✩✩

Calculate mentally, writing down the identity used, the calculation of each term and the result, then check.

a) 1012

b) 992

c) 102 × 98

d) 103 × 97

e) 212

f) 192

g) 352

h) 1 0012

4.2. In a single multiplication ★★✩✩

Calculate mentally, stating the identity used.

a) 732 − 672

b) 1012 − 992

c) 432 − 422

d) 8,52 − 1,52

e) 452 + 2 × 45 × 5 + 52

f) 142 − 2 × 14 × 4 + 42

4.3. The area between two squares ★★✩✩

A square of side 51 m contains a square of side 50 m (figure below).

50 m 1 m

border

51 m

The figure is not to scale.

a) Mentally calculate the area of the grey border (the region between the two squares).

b) Before validating: is this area plausible? The grey border is an L-shape made of two strips 1 m wide, along two adjacent sides only;
estimate its area without an exact calculation, then compare with the result from a).

c) Generalise: for any real number 𝑛 > 0, show that the area between a square of side 𝑛 + 1 and a square of side 𝑛, placed as in the figure,
is equal to 2𝑛 + 1. Where have we already come across this expression in the chapter?
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4.4. Champions: the big league ★★★✩

Mentally, choosing and justifying the most economical transformation: notable identity or distributive property.

a) 1 0052

b) 10,1 × 9,9

c) 38 × 998

d) 2 0262 − 2 0252 − 4 051

4.5. Checking without calculating ★★✩✩

The following statements are put forward as true. When a letter appears, the equality is claimed to hold for every real number. Disprove
each statement in a single sentence, without expanding in full or writing out a column calculation (structure, sign, units digit, test value. . . ).
In items with a letter, a counterexample disproves “for all” without meaning that the equality fails for every value.

a) “(𝑥 + 10)2 = 𝑥2 + 100.”

b) “25 − 100𝑡2 = (5 − 10𝑡)2.”

c) “47 × 53 = 2 500.”

d) “(3𝑥)2 = 3𝑥2.”

“Justifying and reasoning” guide. True/false: 2.4; faulty student work: 3.6; consistency without calculation: 4.5; independent written
proofs: 5.1 to 5.4. Start by stating what the exercise asks for (disprove, correct, prove) before calculating.

5. Calculation programs and proofs
5.1. Arthur’s program: two trials are not enough to conclude for all 𝑥 ★★★✩

Consider the calculation program below.

Calculation program
• Choose a starting number.
• Multiply this number by (−2).
• Add 5 to the product.
• Multiply the result by 5.
• Write down the result obtained.

a) Check that when the starting number is 2, the result is 5.

b) When the starting number is 3, what result is obtained?

c) What starting number must be chosen for the result to be 0?

d) Arthur claims that, for any starting number 𝑥, the expression (𝑥 − 5)2 − 𝑥2 gives the result of the program. Can we settle the matter by
testing 𝑥 = 2 and 𝑥 = 3? Is he right? Prove it.

Modify, create, solve

1. Modify and predict. In Arthur’s program, replace the final multiplication by 5 with a multiplication by 3. Without recalculating
everything, predict whether the starting number that gives 0 changes, then check algebraically.
2. Create under constraints. Invent a program of at least three steps whose result, for a starting number 𝑥, simplifies to 6𝑥 − 12. The
instructions must be executable in a single unambiguous order.
3. Solve and check. Translate the program into an expression, prove that it equals 6𝑥 − 12 and check it with two numbers.

5.2. Two programs, the same result? ★★★✩

Program A
• Choose a number.
• Subtract 1.
• Square the result.
• Subtract 1.

Program B
• Choose a number.
• Subtract 2.
• Multiply by the chosen number.

a) Apply both programs to the numbers 3, 10 and −5. What do you notice? Make a conjecture.

b) Prove the conjecture (express the result of each program for a starting number 𝑥).
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5.3. Brevet-style: squaring the program ★★★✩

Consider the program: choose a starting number; add 1; square the result; subtract the square of the starting number; write down the final
result.

a) Check that when the starting number is 1, the result is 3.

b) When the starting number is 2, what result is obtained?

c) With 𝑥 as the starting number, express the final result in terms of 𝑥, then expand and simplify 𝑃 = (𝑥 + 1)2 − 𝑥2. Here, use expanding
double brackets (a second method consists in factorising 𝑃 as a difference of two squares).

d) What starting number must be chosen to obtain 15?

5.4. Spreadsheet conjecture, algebraic proof: three consecutive integers ★★★✩

We are interested in the sum of three consecutive integers (for example 7 + 8 + 9).

a) Calculate (−8) + (−7) + (−6), then 7 + 8 + 9, then 199 + 200 + 201. Divide each result by 3. What do you notice?

b) We set up the spreadsheet below. Select A2:A3 and extend this series down to A201. Which formulas should be entered in B2, C2 and D2,
and then copied down to row 201?

A B C D
1 1st integer 2nd integer 3rd integer sum
2 −100
3 −99

c) State the conjecture. What exactly do the 200 displayed rows establish? Why are they not enough to prove a statement about all integers?

d) Prove the conjecture. Choose a letter for one of the three numbers, specify which one it denotes, then write out the proof with an arbitrary
integer, a chain of justified equalities and a “for every integer” conclusion.

e) Show furthermore that the sum is always three times one of the three integers. Which one?

f) Is the sum of four consecutive integers always a multiple of 4? Prove it, or disprove it with a counterexample.

Cross-topic block: Justifying and reasoning ★★★✩

a) Spot the mistake. A pupil expands and simplifies 𝐸 = (2𝑥 + 3)2 − (𝑥 − 1)(2𝑥 + 3):

𝐸 = 4𝑥2 + 9 − (2𝑥2 + 3𝑥 − 2𝑥 − 3) = 4𝑥2 + 9 − 2𝑥2 − 𝑥 − 3 = 2𝑥2 − 𝑥 + 6.

Pinpoint the first false equality, name the error made, then give the correct simplified form of 𝐸. Finally, check the result by factorising
𝐸 by (2𝑥 + 3).

b) Check consistency without calculation. Each equality is claimed to hold for every real number 𝑥. Disprove this claim in a single line,
using a counterexample or an identity. An equality may still hold for certain values of 𝑥.

i) (𝑥 + 5)2 = 𝑥2 + 25
ii) (5𝑥)2 = 5𝑥2

iii) 𝑥2 − 64 = (𝑥 − 8)2

iv) 𝑥2 + 16 = (𝑥 + 4)2

c) True or false? Justify each answer.

i) “3𝑥 + 2 is a product, since it contains the multiplication 3 × 𝑥.”
ii) “Every sum can be factorised into a product of two first-degree expressions with real coefficients.”

iii) “The identities in this chapter do not give a general formula for writing 𝑎2 + 𝑏2 as a product of two first-degree expressions in 𝑎 and
𝑏.”

d) Write out a solution. Prove that, for every integer 𝑛, the number (𝑛 + 1)2 − 𝑛2 is odd. Your written proof must include: the choice
and status of the letter, the algebraic transformation, rewriting it in a form that proves it is odd, and a universal conclusion. Finish by
checking with two values of 𝑛.
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6. Brevet-style problems

This bank brings together exercises in the style of the brevet (French national exam at the end of Year 10), sorted by task type and then by increasing
difficulty: problems 1 and 3 to 6 in the recommended track ( ); problems 2 and 7 to 9 in going further ( ). Write out each solution in full.

6.1. Brevet 1: Quick-fire brevet-style questions ★★✩✩

a) Expand: (𝑥 + 6)(𝑥 − 6); (2𝑥 − 5)(2𝑥 + 5).

b) Factorise: 𝑥2 − 256; 64𝑥2 − 9.

c) Give the opposite of 4𝑥 − 9, then expand −(6 − 𝑥) + 2(𝑥 − 1).

6.3. Brevet 3: Expanding and proving a factorisation ★★★✩

Let 𝐸 = (𝑥 − 3)2 + (𝑥 − 3)(1 − 2𝑥), where 𝑥 denotes a number.

a) Expand and simplify 𝐸.

b) Prove that the factorised form of 𝐸 is (𝑥 − 3)(−𝑥 − 2).

c) Calculate 𝐸 for 𝑥 = 3 by choosing the quickest form. Justify your choice.

6.4. Brevet 4: Justified clever calculation ★★✩✩

Without a calculator, justifying each step with a notable identity:

a) Justify that 104 × 96 = 9 984.

b) Calculate 1 0022.

c) Calculate 572 − 432.

6.5. Brevet 5: Proof (parity) ★★★✩

a) Check that 7 + 9 = 16 and 15 + 17 = 32 are multiples of 4.

b) Prove that the sum of two consecutive odd numbers is always a multiple of 4.

c) Is the sum of any two odd numbers always a multiple of 4? Prove it, or disprove it with a counterexample.

6.6. Brevet 6: Expression 𝐼 ★★★✩

Let 𝐼 = (7𝑥 − 3)2 − 25.

a) Expand and simplify 𝐼.

b) Factorise 𝐼 (difference of two squares: the first square is a block).

c) For 𝑥 = 1, calculate 𝐼 using the three available forms: the original form, the expanded form and the factorised form. Compare the
calculations and justify which form you would choose.

d) For 𝑥 = 3
7 , compare the original form and the factorised form. Can one single form be declared always the best, regardless of the value

of 𝑥 and the purpose of the calculation?

9. Bridge to Chapter 02
Final page of the chapter. What follows poses a question that this chapter will not fully solve: this is deliberate. The general answer opens Chapter
02.

9.1. Factorise. . . then solve? ★★✩✩

We are looking for all numbers 𝑥 such that 𝑥2 − 9 = 0.

a) Check that 3 works. Is it necessarily the only one?

b) Factorise 𝑥2 − 9. The equation can then be written (𝑥 + 3)(𝑥 − 3) = 0: a product of two factors is equal to 0.

c) Find a second number that works, and check it.

d) The real question: a product of two numbers is equal to 0; what can be said about these two numbers? Is factorisation enough, using
only the properties already established in this chapter, to prove that there is no third solution? State precisely what is verified, what is
conjectured and what remains to be proved. The general property will be studied in Chapter 02.
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